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HOLOMORPHIC FLEXIBILITY PROPERTIES
OF COMPLEX MANIFOLDS
FRANC FORSTNERICˇ
Abstract. We obtain results on approximation of holomorphic maps by al-
gebraic maps, the jet transversality theorem for holomorphic and algebraic
maps between certain classes of manifolds, and the homotopy principle for
holomorphic submersions of Stein manifolds to certain algebraic manifolds.
1. Introduction
In the present paper we use the term holomorphic flexibility property for any
of several analytic properties of complex manifolds which are opposite to Koba-
yashi-Eisenman-Brody hyperbolicity, the latter expressing holomorphic rigidity. A
connected complex manifold Y is n-hyperbolic for some n ∈ {1, . . . , dimY } if every
entire holomorphic map Cn → Y has rank less than n; for n = 1 this means that
every holomorphic map C→ Y is constant ([4], [16], [46], [47]). On the other hand,
all flexibility properties of Y will require the existence of many such maps.
We shall center our discussion around the following classical property which was
studied by many authors (see the surveys [53] and [25]):
Oka property: Every continuous map f0 : X → Y from a Stein manifold X is
homotopic to a holomorphic map f1 : X → Y ; if f0 is holomorphic on (a neighbor-
hood of) a compact H(X)-convex subset K of X then a homotopy {ft}t∈[0,1] from f0
to a holomorphic map f1 can be chosen such that ft is holomorphic and uniformly
close to f0 on K for every t ∈ [0, 1].
Here, H(X)-convexity means convexity with respect to the algebra H(X) of all
holomorphic functions on X (§2). It was recently proved in [26] that the Oka
property of a complex manifold Y is equivalent to the following
Convex approximation property (CAP): Every holomorphic map K → Y
on a compact convex set K ⊂ Cn (n ∈ N) can be approximated uniformly on K by
entire holomorphic maps Cn → Y .
In the present paper we consider relations between the Oka property and various
notions of ellipticity introduced by Gromov [40] and the author [22], validity of the
jet transversality theorem for holomorphic and algebraic maps (theorems 1.3, 1.4
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and results in §4), and dominability by complex Euclidean spaces; these are summa-
rized in corollary 1.7. Another main result concerns approximation of holomorphic
maps by algebraic maps (theorem 1.1, corollary 1.2 and results in §3).
A principal application is the one-parametric homotopy principle for holomorphic
submersions from Stein manifolds to certain quasi-projective algebraic manifolds
(theorem 5.1), extending the results from [23] and [24].
An algebraic manifold (resp. an algebraic variety) will be understood in the sense
of Serre (§34 in [62], p. 226): A space X endowed with a Zariski topology (each
decreasing sequence of closed sets is stationary), together with a sheaf of rings OX
of continuous C-valued functions, such that X is covered by finitely many open sets
Uj, each of them isomorphic (as a ringed space) to a quasi-affine algebraic manifold
(resp. variety) Vj ⊂ Cnj (Axiom VAI), with the diagonal ∆ ofX×X closed inX×X
(Axiom VAII). Here, as usual, a quasi-affine (resp. quasi-projective) variety is the
difference X = X0\X1 of two closed affine (resp. projective algebraic) subvarieties.
Each algebraic manifold (resp. algebraic variety) X has an underlying structure
of a complex (holomorphic) manifold (resp. a complex space), with an induced
map of OX to the sheaf HX of germs of holomorphic functions on X [63]. All
algebraic maps in this paper are assumed to be morphisms (without singularities),
thus defining holomorphic maps of the underlying holomorphic manifolds.
The following notions are explained more precisely in §2 below; see especially
definition 2.1. A spray on a complex manifold Y is a holomorphic map s : E → Y
from the total space of a holomorphic vector bundle p : E → Y , satisfying s(0y) = y
for all y ∈ Y . The spray is algebraic if p : E → Y is an algebraic vector bundle
and the spray map s : E → Y is algebraic. A complex (resp. algebraic) manifold
Y is (algebraically) subelliptic if it admits a finite collection of (algebraic) sprays
sj : Ej → Y such that for every y ∈ Y the vector subspaces (dsj)0y (Ej,y) ⊂ TyY
together span TyY ; Y is elliptic if this holds with a single (dominating) spray. Every
complex homogeneous manifold is elliptic [40] (see §2 below).
We begin by discussing algebraic approximations of holomorphic maps.
Theorem 1.1. If X is an affine algebraic manifold and Y is an algebraically subel-
liptic manifold then a holomorphic map X → Y which is homotopic to an algebraic
map can be approximated by algebraic maps uniformly on compacts in X. In partic-
ular, every null-homotopic holomorphic map X → Y is a limit of algebraic maps.
Letting K be a (geometrically) convex compact set in X = Cn we obtain the
following corollary.
Corollary 1.2. (Algebraic CAP) If Y is an algebraically subelliptic manifold
then every holomorphic map K → Y from a compact convex subset K ⊂ Cn (n ∈ N)
can be approximated uniformly on K by algebraic maps Cn → Y .
More precise results and examples can be found in §2 and §3.
The problem of approximating holomorphic maps by algebraic maps is of central
importance in analytic geometry. Algebraic approximations in general do not exist
even for maps between affine algebraic manifolds (for example, there are no non-
trivial algebraic morphisms C → C∗ = C\{0}). Demailly, Lempert and Shiffman
[14] and Lempert [54] proved that a holomorphic map from a Runge domain in
an affine algebraic variety to a quasi-projective algebraic manifold can be approx-
imated uniformly on compacts by Nash algebraic maps. (A map U → Y from an
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open set U in an algebraic variety X is Nash algebraic if its graph is contained
in an algebraic subvariety Γ ⊂ X × Y with dimΓ = dimX , [57].) Nash algebraic
approximations do not suffice in the proof of our theorem 5.1 where we need to
approximate a holomorphic map K → Y on a compact convex set K ⊂ Cn by an
entire map Cn → Y whose ramification locus is a thin algebraic subvariety of Cn.
Global Nash algebraic maps would suffice for this purpose, but these are algebraic
morphisms according to Serre ([63], p. 13, proposition 8).
We shall next discuss the transversality theorems for holomorphic maps. If X
and Y are smooth manifolds, k ∈ {0, 1, 2, . . .} and Z is a smooth closed submanifold
of Jk(X,Y ) (the manifold of k-jets of smooth maps of X to Y ) then for a generic
smooth map f : X → Y its k-jet extension jkf : X → Jk(X,Y ) is transverse to Z
(Thom [68], [69]; for extensions see [1], [31], [32], [55], [70], [72]). The analogous
result only rarely holds for holomorphic maps. Indeed, the transversality theorem
for one-jets of holomorphic maps Cn → Y implies that all Kobayashi-Eisenman
metrics on Y vanish identically, and Y is dominable by Cn, n = dimY . If such Y is
compact and connected then its Kodaira dimension κ = kodY ([2], p. 29) satisfies
κ < dimY , i.e., Y is not of general Kodaira type [7], [48], [49], [50].
In the positive direction, the basic transversality theorem (for 0-jets) holds for
holomorphic maps to any manifold with a submersive family of holomorphic self-
maps (Abraham [1]); a classical example is Bertini’s theorem to the effect that
almost all projective hyperplanes in Pn = Pn(C) intersect a given complex sub-
manifold Z ⊂ Pn transversally ([32], p. 150; [45]). The jet transversality theorem
holds for holomorphic maps of Stein manifolds to Euclidean spaces [19]. Kaliman
and Zaidenberg [44] proved the jet transversality theorem for holomorphic maps
from Stein manifolds to any complex manifold provided that one shrinks the do-
main of the map (theorem 4.8 below).
In §4 of this paper we prove the following transversality theorems.
Theorem 1.3. Holomorphic maps from a Stein manifold to a subelliptic mani-
fold satisfy the jet transversality theorem with respect to closed complex analytic
subvarieties. Algebraic maps from an affine algebraic manifold to an algebraically
subelliptic manifold satisfy the jet transversality theorem on compact sets with re-
spect to closed complex analytic (not necessarily algebraic) subvarieties.
Theorem 1.4. If X is a Stein manifold and Y is a complex manifold enjoying the
Oka property then holomorphic maps X → Y satisfy the jet transversality theorem
with respect to closed complex analytic subvarieties.
These follow from theorems 4.2, 4.3 and proposition 4.6 in §4 where the reader
can find more precise formulations and further results. Although the part of theo-
rem 1.3 for holomorphic maps is implied by theorem 1.4 and the fact that subellip-
ticity implies the Oka property [22], our proof of theorem 1.3 is more elementary
than the proof of the latter implication in [22] and it also applies in the algebraic
category where the Oka property is unavailable; for these reasons we separate them.
A property of a holomorphic map X → Y is said to be generic if it holds for all
maps in a certain set of the second category in the Fre`che´t space H(X,Y ) of all
holomorphic mapsX → Y . The jet transversality theorem implies that singularities
of a generic map f ∈ H(X,Y ) (points of nonmaximal rank) satisfy the codimension
conditions in [19], proposition 2. This implies the following; for the last statement
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concerning injective immersions one needs a multi-jet transversality theorem which
is an easy extension (see [19], §1.3 for the case Y = CN ).
Corollary 1.5. If X is a Stein manifold and Y enjoys the Oka property then a
generic holomorphic map X → Y is an immersion when dimY ≥ 2 dimX and an
injective immersion when dimY ≥ 2 dimX + 1.
A holomorphic map π : Y → Y0 is called a subelliptic Serre fibration if it is a
surjective subelliptic submersion (definition 2.1 below) and a Serre fibration, i.e.,
it enjoys the homotopy lifting property ([71], p. 8). Examples include holomorphic
fiber bundles with subelliptic fibers and, more generally, subelliptic submersions
which are topological fiber bundles (such as the unramified elliptic fibrations with-
out exceptional fibers; see [2], p. 200). By theorem 1.8 in [26], CAP ascends and
descends in a subelliptic Serre fibration, in the sense that the manifolds Y and Y0
satisfy CAP at the same time. (See also [40], 3.3.C’ and 3.5.B”, and [51], [52].) For
holomorphic fiber bundles the same conclusion holds if the fiber satisfies CAP. A
finite induction and the equivalence CAP⇔Oka property imply the following result.
Corollary 1.6. Let Y = Ym → Ym−1 → · · · → Y0 where every map Yj → Yj−1
(j = 1, 2, . . . ,m) is a subelliptic Serre fibration. If one of the manifolds Yj enjoys
the Oka property then all of them do. This holds in particular if dim Y0 = 0, and
in such case Y will be called semisubelliptic.
If π : Y → Y0 is a ramified holomorphic map then the Oka property of Y0 need not
imply the Oka property of Y . (A meromorphic function on a compact hyperbolic
Riemann surface Y is a finite ramified holomorphic map Y → Y0 = P1, the Oka
property holds for P1 but fails for Y . See also example 6.3 in §6.) We don’t know
whether the Oka property of Y implies the same for Y0 (problem 6.7).
Recall that a p-dimensional complex manifold Y is (holomorphically) dominable
by Cp if there exists a holomorphic map f : Cp → Y with rank p at 0 ∈ Cp; if Y
and f are algebraic then Y is algebraically dominable by Cp. If Y is compact and
connected then dominability by Cp implies kodY < p = dimY [50].
Corollary 1.7. (Hierarchy of holomorphic flexibility properties) The fol-
lowing implications hold for every complex manifold:
homogeneous =⇒ elliptic =⇒ subelliptic =⇒ semisubelliptic =⇒
CAP⇐⇒ Oka property =⇒ jet transversality theorem =⇒ dominable.
In the algebraic category we have the implications
elliptic =⇒ subelliptic =⇒ CAP
⇓ ⇓
jet transversality =⇒ dominable.
The ‘jet transversality theorem’ refers to holomorphic maps from any Stein man-
ifold to Y . In the algebraic category CAP is interpreted in the sense of corollary
1.2, and the first vertical arrow in the last display is theorem 1.3.
Clearly CAP of Y implies the following strong dominability: For every point
y ∈ Y there is a holomorphic map fy : Cp → Y (p = dimY ) such that fy(0) = y
and dfy has maximal rank p at 0 ∈ Cp. (Note that a family {fy}y∈Y of such maps
which depend holomorphically on the base point y ∈ Y is a dominating spray on Y .)
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If Y is strongly dominable by Cp (p = dim Y ) then every bounded plurisubharmonic
function on Y is constant. If such Y is also Stein then everyR-complete holomorphic
vector field on Y is also C-complete, i.e., it induces a holomorphic action of (C,+)
(corollary 2.2 in [21]). This implies the following.
Corollary 1.8. If a Stein manifold Y enjoys CAP then every R-complete holo-
morphic vector field on Y is also C-complete.
Remark 1.9. (CAP and Oka-type properties) A more precise term for the
Oka property as defined above is the basic Oka property with approximation, where
‘basic’ refers to the non-parametric case. More general Oka-type properties have
been studied by many authors (see e.g. [33], [34], [35], [8], [36], [20], [53], [40], [42],
[73], [43], [28], [29], [30], [22], [51], [52]). The basic Oka property with (jet) interpo-
lation of Y refers to the possibility of homotopically deforming a continuous map
f0 : X → Y from any Stein manifold X to a holomorphic map f1 : X → Y , keeping
it fixed (to any finite order in the jet case) on a closed complex subvariety X0 ⊂ X
along which f0 is holomorphic. Combining interpolation with approximation on
compact H(X)-convex subsets one obtains the Oka property with (jet) interpola-
tion and approximation. By corollary 1.4 in [27] all these properties are equivalent
to CAP, and hence the conclusion of corollary 1.6 above holds for all mentioned
Oka-type properties. The analogous equivalences hold for the parametric Oka prop-
erties (theorem 5.1 in [26] and theorem 6.1 in [27]). All these Oka properties (also
the parametric versions) are implied by ellipticity [40] and subellipticity [22], and
they are equivalent to ellipticity on a Stein manifold ([40], 3.2.A.; proposition 1.2
in [30]).
Remark 1.10. As pointed out in [26], CAP is a localization (=restriction) of the
Oka property to model pairs—K a compact convex set inX = Cn. The equivalence
CAP⇔Oka property supports the following heuristic principle; compare with the
formulation of the Oka principle by Grauert and Remmert ([37], p. 145).
Localization principle: Problems concerning holomorphic maps from Stein
manifolds have only homotopical obstructions provided that the target manifold sat-
isfies a suitable flexibility property expressed in terms of holomorphic maps from
Euclidean spaces.
This principle, once established for a certain class of maps, can substantially
simplify the analysis in concrete examples as is amply demonstrated in [26] and in
§6 below. On the philosophical level it reveals the interesting but not entirely sur-
prisig fact that many complex analytic problems involving Stein manifolds reduce
to problems on Euclidean spaces (which does not necessarily make them easy).
By [26] the localization principle holds for sections of holomorphic fiber bundles
over any Stein manifold, the corresponding local property being CAP of the fiber.
Many classical problems on Stein manifolds, including the classification of principal
holomorphic fiber bundles and their associated bundles with homogeneous fibers,
fits into this framework (see Grauert [35], Cartan [8], and the survey [53] of Leiterer).
One may also consider special classes of holomorphic maps such as immersions,
submersions, maps of constant rank, etc. According to [24] the localization principle
holds for holomorphic submersionsX → Y from Stein manifoldsX , the correspond-
ing local property of Y being Property Sn with n = dimX ≥ dimY (see definition
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5.3 and theorem 5.1 in §5 below). For holomorphic immersions a localization prin-
ciple is not known at this time, but the homotopy principle for immersions of Stein
manifolds to Euclidean spaces was proved by Eliashberg and Gromov [17], [39].
The flexibility properties discussed in this paper are mutually exclusive with any
kind of hyperbolicity property (for the latter see e.g. [4], [16], [46], [47], [74] and
the surveys [10], [11], [58], [65]. In particular, none of the flexibility properties
holds for compact complex manifolds of Kodaira general type; it is conjectured
that every such manifold Y is almost hyperbolic in the sense that there is a proper
complex subvariety Y0 ⊂ Y containing the image of any nonconstant holomorphic
map C → Y (the Green-Griffiths conjecture, [38]). In §6 we consider flexibility
properties of complex curves and surfaces; in the latter case our analysis rests
upon the fairly complete results of Buzzard and Lu [6] on dominability of compact
complex surfaces with less than maximal Kodaira dimension.
2. Preliminaries
We denote by HX the sheaf of germs of holomorphic functions on a complex
(holomorphic) manifold X , and by H(X) = H(X,C) the algebra of all global holo-
morphic functions on X . Given a pair of complex manifolds X,Y , we denote by
H(X,Y ) the set of all holomorphic maps X → Y , endowed with the compact-open
topology. This topology is induced by a complete metric and hence H(X,Y ) is a
Baire space. A property of f ∈ H(X,Y ) is said to be generic if it holds for all f in
a residual subset (a countable intersection of open dense subsets) of H(X,Y ).
A function (or a map) is said to be holomorphic on a compact set K in a com-
plex manifold X if it is holomorphic in an open set U ⊂ X containing K. A
homotopy of maps {ft} is holomorphic on K if there is an open neighborhood U of
K, independent of t, such that ft is holomorphic on U for every t.
An affine manifold is a closed complex or algebraic submanifold of a complex
Euclidean space; an affine complex manifold is the same thing as a Stein manifold
according to the embedding theorems [3], [18], [56], [59], [61].
A compact subset K in a Stein manifold X is H(X)-convex (holomorphically
convex in X) if for any p ∈ X\K there exists f ∈ H(X) with |f(p)| > supK |f |.
If X is embedded in CN then a set K ⊂ X is H(X)-convex if and only if it is
H(CN )-convex, i.e., polynomially convex.
We denote by OX the structure sheaf of an algebraic manifold X and by O(X)
the algebra of all regular algebraic functions on X . As we have already said in §1,
an algebraic manifold or variety will be understood in the sense of Serre (§34 in
[62], p. 226); in particular, there is an underlying complex manifold (resp. analytic
variety) structure on X . By O(X,Y ) we denote the set of all regular algebraic maps
(morphisms) between a pair of algebraic manifolds. Clearly O(X,Y ) ⊂ H(X,Y )
but O(X,Y ) need not be closed in H(X,Y ). If both X and Y are projective
algebraic then O(X,Y ) = H(X,Y ) by Sere’s GAGA principle [63].
A fiber-spray associated to a holomorphic submersion h : Y → Y ′ is a triple
(E, p, s) consisting of a holomorphic vector bundle p : E → Y and a holomorphic
map s : E → Y such that for each y ∈ Y we have s(0y) = y and s(Ey) ⊂ Yh(y) =
h−1(h(y)) (see [40], §1.1.B., and [28]). A spray on a complex manifold Y is a
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fiber-spray associated to the trivial submersion Y → point. For each y ∈ Y let
V TyY = ker dhz ⊂ TyY , the vertical tangent space of Y with respect to h.
Definition 2.1. A holomorphic submersion h : Y → Y ′ is subelliptic if each point in
Y ′ has an open neighborhood U ⊂ Y ′ such that the restricted submersion h : Y |U =
h−1(U)→ U admits finitely many fiber-sprays (Ej , pj , sj) (j = 1, . . . , k) satisfying
(ds1)0y (E1,y) + (ds2)0y (E2,y) · · ·+ (dsk)0y (Ek,y) = V TyY (2.1)
for each y ∈ Y |U ; such a collection of sprays is said to be dominating. The submer-
sion is elliptic if the above holds with k = 1. A complex manifold Y is (sub-)elliptic
if the trivial submersion Y → point is such. An algebraic manifold Y is algebraically
subelliptic if it admits finitely many algebraic sprays satisfying the domination con-
dition (2.1) for the trivial submersion Y → point; Y is algebraically elliptic if it
admits a dominating algebraic spray.
Examples of (sub-)elliptic manifolds and submersions can be found in [35] (es-
pecially sections 0.5.B and 3.4.F), [22], [28]. If a complex Lie group G, with Lie
algebra g, acts holomorphically and transitively on a complex manifold Y then the
map Y × g → Y , (y, v) → evy, is a dominating spray on Y . Furthermore, every
algebraic Lie group G which admits no homomorphisms to C∗ is algebraically ellip-
tic; the following proof has been explained to me by J. Winkelmann. The condition
on G implies that it is generated by its unipotent subgroups. Each left invariant
vector field on G arising from a unipotent subgroup gives rise to an algebraic spray
on G. Under the above generation condition these vector fields span the tangent
space of G at each point, and the composition of their flows gives a dominating
algebraic spray on G. The Lie group C∗ is not algebraically elliptic.
The following result from [22] (which is implicitly contained in lemmas 3.5.B.
and 3.5.C. in [40]) will be important for us.
Proposition 2.2. Let Y be a quasi-projective algebraic manifold. If every point of
Y has a Zariski open neighborhood U ⊂ Y such that U is algebraically subelliptic
then Y is itself algebraically subelliptic.
The following classes of algebraic manifolds will be used in §5.
Definition 2.3. Let Y be a quasi-projective algebraic manifold.
(a) Y is of Class A0 if it is covered by finitely many Zariski open sets biregularly
isomorphic to the affine space Cp with p = dimY .
(b) Y is of Class A if Y = Ŷ \A where Ŷ is of class A0 and A is a thin (=of
codimension at least two) algebraic subvariety of Ŷ .
Thus a p-dimensional manifold of Class A is Zariski locally equivalent to Cp\A
where A is a thin algebraic subvariety in Cp, depending on the chosen Zariski open
set in Y . Such manifold Cp\A is algebraically elliptic ([28], p. 119; [40]). Indeed,
there is a polynomial spray s : Cp × CN → Cp which maps (Cp\A)× CN to Cp\A
and is dominating at every point Cp\A; such s is obtained by composing flows of
suitably chosen algebraic shear vector fields on Cp which vanish on A and generate
the tangent bundle at each point of Cp\A. Hence proposition 2.2 implies
Corollary 2.4. Every manifold of Class A is algebraically subelliptic.
8 FRANC FORSTNERICˇ
Class A0 includes all complex affine and projective spaces, as well as Grassmani-
ans. Another example is the total spaceW of a holomorphic fiber bundle π : W → Y
where the base Y is a manifold of Class A0, the fiber is F = π−1(y) ∈ {Cm,Pm},
and the structure group is GLm(C) respectively PGLm(C). Every such bundle is al-
gebraic by GAGA [63], and its restriction to any affine Zariski open set Cp ≃ U ⊂ Y
is algebraically trivial, π−1(U) ≃ U × F . Hence W is covered by Zariski open sets
biregularly isomorphic to Cp+m, i.e., W is of Class A0. An example are the Hirze-
bruch surfaces Hl, l = 0, 1, 2, . . . ([2], p. 191); these are P1-bundles over P1, and
each of them is birationally equivalent to P2.
Manifolds of Class A have been considered by Gromov who called them Ell-
regular and showed that this class is stable under blowing up points ([40], §3.5.D”):
Proposition 2.5. ([40]) If Y is of Class A (respectively of Class A0) then any
manifold obtained from Y by blowing up finitely many points is also of Class A
(respectively of Class A0).
Proof. By localization it suffices to show that the manifold L, obtained by blowing
up Cq at the origin, is of Class A. L is the total space of a holomorphic line
bundle π : L → Pq−1 (the universal bundle); L is trivial over the complement of
each hyperplane Pq−2 ⊂ Pq−1 (which equals Cq−1), and hence every point in L has
a Zariski neighborhood of the form π−1(Pq−1\Pq−2) which is biregular to C
q. 
3. Algebraic approximation
All algebraic maps are assumed to be morphisms (without singularities).
Theorem 3.1. Let X be an affine algebraic manifold and K a compact H(X)-
convex subset of X. Let Y be an algebraically subelliptic manifold (def. 2.1) with a
distance function d induced by a Riemannian metric. If ft : K → Y (t ∈ [0, 1]) is a
homotopy of holomorphic maps such that f0 extends to an algebraic map X → Y
then for every ǫ > 0 there exists an algebraic map F : X × C → Y such that
F (· , 0) = f0 and d(F (x, t), ft(x)) < ǫ for every x ∈ K and t ∈ [0, 1].
Corollary 3.2. If K ⊂ X and Y are as in theorem 3.1 then every null-homotopic
holomorphic map K → Y can be approximated uniformly on K by algebraic maps
X → Y . In particular, if K is a compact convex set in Cn then every holomorphic
map K → Y can be approximated uniformly on K by algebraic maps Cn → Y .
Examples of algebraically subelliptic manifolds are given by propositions 2.2, 2.5
and corollary 2.4. We do not know whether every homotopy class of maps X → Y
in theorem 3.1 contains an algebraic map.
Theorem 3.1 is a special case (with Z = X × Y → X) of the following.
Theorem 3.3. Let h : Z → X be an algebraic submersion from an algebraic man-
ifold Z onto an affine algebraic manifold X. Let d be a distance function on Z
induced by a Riemannian metric. Assume that Z admits a family of algebraic
fiber-sprays (Ej , pj , sj) (j = 1, . . . , k) satisfying the domination property (2.1) at
every point z ∈ Z. Let K ⊂ X be a compact H(X)-convex set and let ft : K → Z
(t ∈ [0, 1]) be a homotopy of holomorphic sections such that f0 extends to an alge-
braic section X → Z. For every ǫ > 0 there is an algebraic map F : X × C → Z
such that h(F (x, t)) = x for (x, t) ∈ X × C, F (· , 0) = f0, and d(F (x, t), ft(x)) < ǫ
for every (x, t) ∈ K × [0, 1].
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An algebraic submersion satisfying the hypotheses of theorem 3.3 will be called
algebraically subelliptic (compare with def. 2.1). Theorem 3.3 is an algebraic ana-
logue of theorem 3.1 in [22]; see also [40] and theorems 4.1 and 4.2 in [28].
Proof of theorem 3.3. Let (E, p, s) be the composed (algebraic) fiber-spray on
Z obtained from the fiber-sprays (Ej , pj , sj) (j = 1, . . . , k) (see [40], §1.3, and
[28], definition 3.3). We briefly recall the construction. Set (E(1), p(1), s(1)) =
(E1, p1, s1). If k > 1, let E
(2) = s(1)∗(E2)→ E(1) (the pull-back of p2 : E2 → Z by
the spray map s(1) : E(1) → Z), and define p(2) : E(2) → Z and s(2) : E(2) → Z by
p(2)(e1, e2) = p1(e1), s
(2)(e1, e2) = s2(e2). (Note that s1(e1) = p2(e2).) Continuing
inductively we obtain a sequence of algebraic vector bundle projections
E = E(k) −→ · · · −→ E(2) −→ E(1) −→ Z.
The composed bundle E → Z with fibers Ez (z ∈ Z) has a well defined zero
section which we identify with Z, and TE|Z ≃ TZ ⊕E1 ⊕ · · · ⊕Ek. Denote by s =
s(k) : E → Z the composed spray. The restriction of its differential ds0z : T0zE →
TzZ to the fiber Ej,z of Ej over z in the above direct sum decomposition equals
(dsj)0z : T0zEj,z → V TzZ. Hence (2.1) is equivalent to the domination property of
the composed spray:
(ds)0z (T0zEz) = V TzZ, z ∈ Z. (3.1)
The bundle E → Z admits a (noncanonical) holomorphic vector bundle structure
over any Stein subset of Z ([40], §1.3, and [28], corollary 3.5).
In the remainder of the proof we shall only work with the composed spray bundle
(E, p, s) and will no longer need the individual sprays (Ej , pj , sj).
Lemma 3.4. Let V ⊂⊂ U be open Stein neighborhoods of K in X such that the
homotopy ft (t ∈ [0, 1]) in theorem 3.3 is defined in U . Set Vt = ft(V ) ⊂ Z for
t ∈ [0, 1]. There are numbers l ∈ N and 0 = t0 < t1 < · · · < tl = 1 such that for
every j = 0, 1, . . . , l − 1 there exists a homotopy of holomorphic sections ξt of the
restricted bundle E|Vtj → Vtj (t ∈ Ij = [tj , tj+1]) such that ξtj is the zero section
and s(ξt(z)) = ft(h(z)) for all t ∈ Ij and z ∈ Vtj .
Proof. Assume first that there exists a Stein open set Ω ⊂ Z containing ∪t∈[0,1]V t.
By corollary 3.5 in [28] the restriction E|Ω → Ω admits the structure of a holomor-
phic vector bundle and a holomorphic direct sum splitting E|Ω = H ⊕H ′, where
H ′ is the kernel of ds at the zero section of E ([41], p. 256, theorem 7). It follows
from (3.1) that for every z ∈ Ω the restriction s : Hz → Zh(z) = h
−1(h(z)) maps a
neighborhood of 0z in Hz biholomorphically onto a relative neighborhood of z in
the fiber Zh(z). The size of this neighborhood, and of its image in the correspond-
ing fiber of Z, can be chosen uniform for points in the compact set ∪t∈[0,1]V t ⊂ Ω.
Hence there is a δ > 0 such that for every t ∈ [0, 1] the local inverse of s : H |Vt → Z
at the zero section gives a homotopy of sections ξτ ofH |Vt (τ ∈ Jt = [t, t+δ]∩[0, 1]),
with ξt the zero section, such that s(ξτ (z)) = fτ (h(z)) for τ ∈ Jt and z ∈ Vt. This
proves lemma 3.4 in the special case.
For the general case observe that ft(U), being a closed Stein submanifold of
Z|U , admits an open Stein neighborhood in Z [64], [9]. By compactness there are
Stein open sets Ωj ⊂ Z (j = 1, 2, . . . ,m) and a partitition [0, 1] = ∪mj=1Ij into
adjacent closed subintervals Ij such that ∪t∈IjV t ⊂ Ωj. It remains to apply the
above argument separately for each Ij . 
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Denote by (E(l), p(l), s(l)) the l-th iterated bundle of (E, p, s) (definition 3.3
in [28], p. 132; this is just the l-tuple composition of (E, p, s) with itself). Let
(E′, p′, s′) denote the pull-back of (E(l), p(l), s(l)) toX by the algebraic map f0 : X →
Z; by the construction this is an algebraic composed spray bundle over X .
Lemma 3.5. There is a homotopy ηt : V → E′|V (t ∈ [0, 1]) of holomorphic
sections of the restricted bundle E′|V → V such that η0 is the zero section and
s′(ηt(x)) = ft(x) for every x ∈ V and t ∈ [0, 1].
Proof. It suffices to assemble the individual homotopies {ξt : t ∈ [tj , tj+1]} (j =
0, . . . , l− 1), furnished by lemma 3.4, into a homotopy of sections ξ˜t : V0 → E(l)|V0
(t ∈ [0, 1]) of the iterated bundle E(l) over the open subset V0 = f0(V ) in the
algebraic submanifold f0(X) of Z. Clearly ξ˜t corresponds to a holomorphic sections
ηt : V → E′ = f∗0 (E
(l)) of the pull-back bundle, with η0 being the zero section. (For
further details see [28], proposition 3.6 on p. 134.) 
Lemma 3.6. Let d′ be a distance function on E′ induced by a Riemannian metric.
Let {ηt}t∈[0,1] be as in lemma 3.5. For every δ > 0 there is an algebraic map
η′ : X × C→ E′ satisfying
(i) η′(x, 0) = 0x ∈ E′x (x ∈ X), and
(ii) d′(η′(x, t), ηt(x)) < δ for all x ∈ K and t ∈ [0, 1].
Proof. By construction of the composed bundle E′ → X there is a finite sequence
E′ = Em,0 −→ Em−1,0 −→ · · · −→ E1,0 −→ X, (3.2)
with m = kl and E(1,0) = f∗0E1 → X , in which every map E
j,0 → Ej−1,0 is an
algebraic vector bundle projection. Here k is the number of the initial sprays in
theorem 3.3, and l is the number in lemma 3.4.
Since X is an affine algebraic manifold, the algebraic vector bundle E1,0 → X is
generated by finitely many (say n1) algebraic sections according to Serre’s theorem
A ([62], p. 237, The´ore`me 2). This gives a surjective algebraic map π1 : E
1,1 =
X×Cn1 → E1,0 of the trivial rank n1 bundle onto E1,0. Pulling back the sequence
(3.2) to the new total space E1,1 we obtain a commutative diagram
Em,1 −→ Em−1,1 −→ · · · −→ E2,1 −→ E1,1 −→ X
↓ πm ↓ πm−1 ↓ π2 ↓ π1 ‖
Em,0 −→ Em−1,0 −→ · · · −→ E2,0 −→ E1,0 −→ X
in which all horizontal maps are algebraic vector bundle projections and the vertical
maps πj for j ≥ 2 are the induced natural maps which are bijective on fibers. More
precisely, we begin by letting E2,1 → E1,1 be the pull-back of the vector bundle
E2,0 → E1,0 (in the bottom row) by the vertical morphism π1 : E1,1 → E1,0, and we
denote by π2 : E
2,1 → E2,0 the asociated natural map which makes the respective
diagram commute. Moving one step to the left, E3,1 → E2,1 is the pull-back of the
bundle E3,0 → E2,0 in the bottom row by the vertical morphism π2 : E2,1 → E2,0,
and π3 : E
3,1 → E3,0 is the associated natural map; etc. There is an algebraic spray
map s1 : Em,1 → Z which is the composition of πm : Em,1 → Em,0 with the initial
spray s : Em,0 = E → Z.
We claim that the homotopy ηt of holomorphic sections of E
m,0|V = E′|V → V ,
furnished by lemma 3.5, lifts to a homotopy η1t of holomorphic sections of E
m,1|V →
V such that s1(η1t ) = ft for all t ∈ [0, 1], and η
1
0 is the zero section. It suffices to
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see that the E1,0-component of ηt (i.e., the projection of ηt under the composed
projection Em,0 → E1,0) lifts to E1,1; the rest of the lifting is then obtained by
applying the inverses of the fiberwise isomorphic vertical maps. But this follows
from the fact that the surjective vector bundle map π1 : E
1,1 → E1,0 admits a
holomorphic splitting σ1 : E
1,0 → E1,1 over X , with π1 ◦ σ1 the identity on E
1,0
(theorem 7 in [41], p. 256).
Repeating the same argument with the bundle E2,1 → E1,1 = X1 over the
affine manifold X1 = X × Cn1 we obtain a surjective algebraic vector bundle map
E2,2 = X1×Cn2 = X ×Cn1+n2 → E2,1. As before we lift the top line in the above
diagram to a new level
Em,2 −→ Em−1,2 −→ · · · −→ E2,2 −→ E1,1 = X1 = X × C
n1 .
Note that E2,2 = X1 × Cn2 = X × Cn1+n2 (algebraic equivalence). The homotopy
η1t lifts to a homotopy η
2
t : V → E
m,2|V , with η
2
0 the zero section, and we have a
new spray map s2 : Em,2 → Z satisfying s2(η2t ) = ft for all t ∈ [0, 1].
Continuing inductively we obtain after m steps a lifting of the homotopy ηt to
a homotopy ηmt : V → E
m,m|V = V × CN (t ∈ [0, 1]), consisting of holomorphic
sections of Em,m = X × CN (N = n1 + n2 + · · · + nm) over the open subset
V ⊂ X , with ηm0 being the zero section. By construction there is an algebraic spray
sm : Em,m → Z such that sm(ηmt ) = ft : V → Z|V for all t ∈ [0, 1].
Recall that X is a closed algebraic submanifold of an affine space Cn. The
H(X)-convex set K ⊂ X is then polynomially convex in Cn, and K × [0, 1] is
polynomially convex in Cn+1. (We have identified the segment [0, 1] ⊂ R with its
image in C.) By a small extension of the Oka-Weil theorem we can approximate
the homotopy {ηmt }t∈[0,1] (which is continuous in (x, t) ∈ V × [0, 1] and holomorphic
with respect to x ∈ V for every fixed t ∈ [0, 1]) uniformly on the set K × [0, 1] by a
holomorphic polynomial map Cn ×C→ Cn ×CN of the form g˜(x, t) = (x, g(x, t)),
with g(x, 0) = 0 for x ∈ Cn. By projecting the point g˜(x, t) ∈ Em,m = X × CN
(x ∈ X, t ∈ C) back to the bundle E′ = Em,0 we obtain an algebraic map η′(x, t)
satisfying lemma 3.6. 
If s′, η′ and δ are as in lemmas 3.5 and 3.6, with δ > 0 chosen sufficiently small,
then the algebraic map
F (x, t) = s′(η′(x, t)) ∈ Z, (x, t) ∈ X × C
satisfies the conclusion of theorem 3.3.
4. Transversality theorems for holomorphic and algebraic maps
Given a pair of complex manifolds X , Y we denote by Jk(X,Y ) the manifold of
all k-jets of holomorphic maps X → Y . We have J0(X,Y ) = X × Y and
J1(X,Y ) = {(x, y, λ) : x ∈ X, y ∈ Y, λ ∈ HomC(TxX,TyY )}.
For a holomorphic map f : X → Y and k ∈ N we denote by jkf : X → Jk(X,Y )
the k-jet extension of f ; in particular, j0xf = (x, f(x)) and j
1
xf = (x, f(x), dfx). We
shall denote by jkf |A the restriction of jkf to points in a subset A ⊂ X .
A stratification of a complex analytic subvariety A (in a complex manifold X) is
a decomposition of A into a locally finite disjoint union of open connected complex
manifolds Aα, called strata of A, such that the boundary of each stratum is a union
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of lower dimensional strata ([72], p. 227). Whitney proved that every complex
analyic subvariety in a complex manifold admits a stratification which is regular
with respect to tangent planes ([72], theorem 8.5). We recall how this Condition
(a) of Whitney is used in transversality arguments. Given stratified subvarieties
A ⊂ X , B ⊂ Y , let NT A,B ⊂ J
1(X,Y ) consist of all (x, y, λ) ∈ J1(X,Y ) such
that, if x belongs to a stratum Aα of A and y belongs to a stratum Bβ of B then
λ(TxAα) + TyBβ 6= TyY.
(If x 6∈ A or y 6∈ B then (x, y, λ) 6∈ NT A,B.) If the stratifications of A and B satisfy
Whitney’s Condition (a) then NT A,B is closed in J1(X,Y ) ([70]; [32], p. 38). The
set NT A,B is also closed in J1(X,Y ) if B is a closed smooth (not necessarily
complex) submanifold of Y ; in such case we consider B itself as the only stratum.
Let A ⊂ X and B ⊂ Y be stratified complex subvarieties. Given f ∈ H(X,Y ),
we say that f |A is transverse to B if the range of j1f : X → J1(X,Y ) does not
intersect the set NT A,B. Equivalently,
(x ∈ Aα, f(x) ∈ Bβ) =⇒ dfx(TxAα) + Tf(x)(Bβ) = Tf(x)Y.
We shall base our discussion on the following condition, similar to the one in-
troduced by Gromov ([39], p. 71), who indicated its application to transversality
theorems ([39], p. 73, (C’)).
Definition 4.1. Let X and Y be holomorphic (resp. algebraic) manifolds. Holo-
morphic (resp. algebraic) maps X → Y satisfy Condition Ell1 if for every holomor-
phic (resp. algebraic) map f : X → Y there is a holomorphic (resp. algebraic) map
F : X ×CN → Y for some N ≥ dimY such that F (· , 0) = f and F (x, · ) : CN → Y
has rank equal to dimY at 0 ∈ CN for every x ∈ X .
For validity of Condition Ell1 see proposition 4.6 below, and also [39], p. 72.
In the sequel, aWhitney stratification of a complex analytic subvariety will mean
a stratification satisfying Whitney’s Condition (a).
Theorem 4.2. Let X and Y be complex manifolds, with X Stein. If holomorphic
maps X → Y satisfy Condition Ell1 then for every pair of closed, Whitney stratified
complex analytic subvarieties A ⊂ X, B ⊂ Jk(X,Y ) (k = 0, 1, . . .) the set
{f ∈ H(X,Y ) : jkf |A is transverse to B}
is residual in H(X,Y ). The same holds if B is a smooth closed submanifold of
Jk(X,Y ). For k = 0 the conclusion holds even if X is not Stein.
In the algebraic category we have the analogous result but only on compact sets
in the source manifold:
Theorem 4.3. Let X and Y be algebraic manifolds, with X affine algebraic. If
algebraic maps X → Y satisfy Condition Ell1 then for every compact set K ⊂ X
and Whitney stratified complex subvarieties A ⊂ X, B ⊂ Jk(X,Y ) the set
{f ∈ O(X,Y ) : jkf |A is transverse to B on A ∩K}
is open and dense in O(X,Y ). The same holds if B is a smooth closed submanifold
of Jk(X,Y ). For k = 0 the conclusion holds without assuming that X be affine.
Theorems 1.3 and 1.4 in §1 follow immediately by combining theorems 4.2, 4.3
and proposition 4.6 below.
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Proof. The proofs of theorems 4.2 and 4.3 are parallel up to the point where the
Baire property of the space of H(X,Y ) is invoked; in the algebraic case this leaves
us with the weaker statement. We shall follow Abraham’s reduction [1] to Sard’s
theorem [60]; although this is well known (see §1.3.7. in [32] as well as [19], [44]),
we include a sketch of proof since we shall need small modifications of the standard
arguments in some of the proofs in this section and in §5.
Whitney’s Condition (a) implies the following.
Lemma 4.4. Let X and Y be complex manifolds and let A ⊂ X, B ⊂ Jk(X,Y ) be
closed, Whitney stratified complex analytic subvarieties. For every compact subset
K of X the set
TA,B,K = {f ∈ H(X,Y ) : j
kf |A is transverse to B on A ∩K}
is open in H(X,Y ). The analogous result holds if B is a smooth closed submanifold.
Proof. Consider the basic case with B ⊂ Y . Given a map f : X → Y and a compact
set K ⊂ X , the restriction f |A : A → B is transverse to B at each point of A ∩K
if and only if (j1f)(K) ∩ NT A,B = ∅. Assuming this to be the case, and taking
into account that NT A,B is closed in J
k(X,Y ) by Whitney’s condition, there is
a compact set L ⊂ X , with K ⊂ IntL, such that (j1f)(L) ∩ NT A,B = ∅. If
g ∈ H(X,Y ) is sufficiently uniformly close to f on L then j1g is close to j1f on
K and hence (j1g)(K) ∩ NT A,B = ∅. In the general case one applies the same
argument with f replaced by the map jkf : X → Y˜ = Jk(X,Y ). 
To prove theorem 4.2 it suffices to show that for every compact K in X the set
TA,B,K ⊂ H(X,Y ) (which is open in H(X,Y ) by lemma 4.4) is everywhere dense
in H(X,Y ). Since H(X,Y ) is a Baire space, the conclusion of theorem 4.2 then
follows by taking the intersection of such sets over a countable family of compacts
exhausting X . In the algebraic case we omit the last step.
Consider first the basic case with A = X and B ⊂ Y . Let f : X → Y be a
holomorphic (resp. algebraic) map. Choose a map F : X×CN → Y as in definition
4.1 of Condition Ell1. Let π : X×CN → CN denote the projection π(x, t) = t. Fix a
compact setK in X . Since ∂tF (x, 0): T0C
N → Tf(x)Y is surjective for every x ∈ X ,
there are a small ball D ⊂ CN around the origin and an open set U ⊂ X containing
K such that F is a submersion of V = U × D to Y . Hence B′ = F−1(B) ∩ V is
a closed, Whitney stratified, complex analytic subvariety of V (the strata Bβ of B
pull back by F |V to the strata B
′
β of B
′). Set ft = F (· , t) : X → Y for t ∈ C
N . If
(x, t) ∈ B′β then y = ft(x) ∈ Bβ , and by inspecting the definitions we see that the
following are equivalent (compare [32], p. 40):
(a) (dft)x(TxX) + TyBβ = TyY ;
(b) (x, t) is a regular point of the restricted projection π : B′β → D.
By Sard’s theorem [60], applied inductively to the components of a projection π
in (b), we see that the set of regular values of all projections in (b) is residual in D.
Choosing t in this set and close to 0 we get a map ft : X → Y which is transverse
to B on U and which approximates f = f0 uniformly on K. The same argument
applies if B is a smooth closed submanifold of Y .
If A is a Whitney stratified complex subvariety of X , one applies the above
argument with U replaced by U ∩Aα for a fixed stratum Aα of A (f and F are still
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defined globally on X). This gives a residual set of t’s in D ⊂ CN for which ft|Aα∩U
is transverse to a stratum Bβ . Since A and B have at most countably many strata
and CN is a Baire space, we find t ∈ CN arbitrarily close to 0 such that ft|A∩U is
transverse to B.
This proves the basic transversality theorem for holomorphic maps X → Y .
All steps hold for algebraic maps as well, even if the subvarieties A and B are
non-algebraic, and we did not need any special properties of X and Y other than
Condition Ell1 for algebraic maps X → Y .
To prove theorems 4.2 (resp. 4.3) for k = 0 we must consider transversality of
holomorphic (resp. algebraic) sections x → j1xf = (x, f(x)) (x ∈ X) of the trivial
fibration X × Y → X with respect to complex (resp. algebraic) subvarieties of
X × Y . This is done by obvious modifications of the above arguments, using the
fact that the map (x, t)→ (x, F (x, t)) ∈ X×Y , constructed above, is a submersion
on the subset U ×D ⊂ X × CN .
Consider now the case k > 0. Fix a map f : X → Y and a compact set K ⊂ X .
The goal is to prove that f can be approximated uniformly on K by holomorphic
(resp. algebraic) maps X → Y whose k-jet extension jkf is such that jkf |A : A→
Jk(X,Y ) is transverse to the subvariety B ⊂ Jk(X,Y ) at each point of A ∩K.
Let F : X × CN → Y be as in definition 4.1, with F (· , 0) = f . Recall that X is
assumed to be Stein (in theorem 4.2) resp. affine algebraic (in theorem 4.3). Thus
we may assume that X is a closed holomorphic (resp. algebraic) submanifold of
a Euclidean space Cn. Let W denote the complex vector space of all polynomial
maps P : Cn → CN of degree ≤ k. Consider the holomorphic (resp. algebraic) map
G : X ×W → Y defined by
G(x, P ) = F (x, P (x)), x ∈ X, P ∈ W .
For each P ∈ W set GP = G(· , P ) : X → Y ; then G0(x) = F (x, 0) = f(x).
Lemma 4.5. The map Φ: X ×W → Jk(X,Y ), defined by Φ(x, P ) = jkx(GP ), is a
submersion in an open neighborhood of X × {0} in X ×W.
Proof. The argument is local and hence we may assume that X = Cn. Write
P = (P1, . . . , PN ) ∈ W , and let t = (t1, . . . , tN ) be coordinates on CN . For every
multiindex I = (i1, . . . , in) we have
∂Ix(GP ) =
N∑
j=1
∂
∂tj
F (x, P (x)) ∂IxPj(x) +HI(x),
where HI(x) contains only terms ∂
J
xP , with |J | < |I|, multiplied by various partial
derivatives of F . Hence the k-jet map jkx(GP ) is lower triangular with respect to
the components of jkxP , and the diagonal terms are nondegenerate at P = 0 (since
G0(x) = F (x, 0) and ∂tF (x, 0) is nondenegenerate), thus proving the lemma. 
Sard’s theorem, applied to the map Φ in lemma 4.5, shows that for most P ∈ W
the map jk(GP )|A is transverse to the subvariety B ⊂ J
k(X,Y ) at every point of
A ∩K. This proves theorems 4.2 and 4.3. 
Combining theorems 4.2 and 4.3 with the following proposition gives several
transversality theorems, including those announced in §1. Compare with the ex-
amples in [39], p. 72.
HOLOMORPHIC FLEXIBILITY PROPERTIES OF COMPLEX MANIFOLDS 15
Proposition 4.6. Let X and Y be complex manifolds.
(a) If Y admits a dominating spray s : Y ×CN → Y defined on a trivial bundle
then holomorphic maps X → Y satisfy Condition Ell1. This holds if Y is
a complex homogeneous space.
(b) Let X be Stein. If Y is subelliptic (definition 2.1) or, more generally, if Y
enjoys CAP then holomorphic maps X → Y satisfy Condition Ell1.
(c) If X and Y are algebraic and if Y admits a dominating algebraic spray
s : Y × CN → Y then algebraic maps X → Y satisfy Condition Ell1.
(d) If X is affine algebraic and Y is algebraically subelliptic then algebraic maps
X → Y satisfy Condition Ell1.
Proof. Fix a holomorphic map f : X → Y . If Y admits a dominating spray (E, p, s)
then f∗E → X is a holomorphic vector bundle, and there is a fiberwise bijective
holomorphic map ι : f∗E → E covering f . The map F = s ◦ ι : f∗E → Y satisfies
Condition Ell1 for f , except that f
∗E need not be a trivial bundle over X . In case
(a) the bundle E → Y is assumed to be trivial, hence f∗E is also trivial and (a)
follows. If Y is a homogeneous space of a complex Lie group G, with Lie algebra
g = TeG, the map s : Y ×g→ Y , s(y, v) = exp(v)· y, is a dominating spray defined
on a trivial bundle. The analogous argument proves (c).
If X is Stein then by Cartan’s Theorem A the holomorphic vector bundle f∗E →
X is generated by finitely many (say N) holomorphic sections, and hence there
is a surjective complex vector bundle map τ : X × CN → f∗E. The map F =
s ◦ ι ◦ τ : X × CN → Y satisfies Condition Ell1 with respect to f = F (· , 0). The
analogous argument holds in the algebraic case by appealing to Serre’s Theorem A
([62], p. 237, The´ore`me 2), thus proving (b) (resp. (d)) for (algebraically) elliptic
target manifolds.
Assume now that Y is (algebraically) subelliptic and let X be an affine manifold
(Stein resp. affine algebraic). Let (Ej , pj, sj) for j = 1, . . . , k be a finite dominating
family of holomorphic (resp. algebraic) sprays on Y (def. 2.1). We shall perform
the above procedure several times. In essence we use dominating composed sprays
as in the proof of theorem 3.3 above; see also [40], §1.3.A’, and [28], corollary 3.5.
Let E′1 = f
∗E1 → X be the pull-back of π1 : E1 → Y by f : X → Y , and define
σ1 : E
′
1 → Y by σ1(x, e) = s1(f(x), e). As before, there is a surjective complex
vector bundle map X × Cn1 → E′1 for some n1 ∈ N. By composing it with σ1 we
obtain a map f1 : X1 = X × Cn1 → Y satisfying f1(x, 0) = f(x) = y ∈ Y and
∂tf1(x, t)|t=0(T0C
n1) = (ds1)y(E1,y) ⊂ TyY.
Repeating the construction with f1 : X1 → Y and the second spray s2 : E2 → Y we
find an integer n2 ∈ N and a holomorphic map f2 : X2 = X1 × Cn2 = X × Cn1 ×
C
n2 → Y satisfying f2(x, t, 0) = f1(x, t) (hence f2(x, 0, 0) = f(x) = y) and
∂uf2(x, 0, u)|u=0(T0C
n2) = (ds2)y(E2,y) ⊂ TyY.
After k steps we obtain a map F : X ×CN → Y (N = n1 + · · ·+ nk) satisfying the
following for every x ∈ X and y = f(x) ∈ Y :
F (x, 0) = f(x), ∂tF (x, t)|t=0(T0C
N ) =
k∑
j=1
(dsj)y(Ej,y) = TyY.
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The last equality is the domination property (2.1). This completes the proof of (b)
for a subelliptic Y ; the same proof applies in the algebraic case (d) by appealing to
the Theorem A of Serre [62] when passing at each step to a trivial bundle.
It remains to prove (b) when X is Stein and Y enjoys CAP (which is equivalent
to the Oka property by corollary 1.7). Let f : X → Y be a holomorphic map.
Consider the associated embedding x ∈ X → (x, f(x)) ∈ X × Y with normal
bundle E = f∗TY → X . By the Docquier-Grauert theorem [13] there are an
open neighborhood V ⊂ E of the zero section X ⊂ E and a biholomorphic map
G : V → G(V ) ⊂ X×Y of the form G(x, ξ) = (x, g(x, ξ)) (x ∈ X, ξ ∈ Ex) satisfying
g(x, 0x) = f(x). We can extend g to a continuous map E → Y without changing
its values on a smaller neighborhood of the zero section X ⊂ E.
Since Y enjoys CAP, it also enjoys the Oka property with jet interpolation (corol-
lary 1.4 in [27]; see also remark 1.9 above). As E is a Stein manifold, this gives
a holomorphic map g˜ : E → Y which agrees with g to the second order along the
zero section X ⊂ E. Let ι : X × CN → E be a surjective holomorphic vector
bundle map (which exists for large N by Cartan’s Theorem A). The composition
F = g˜ ◦ ι : X ×CN → Y then satisfies definition 4.1 with respect to the map f . 
Corollary 4.7. Holomorphic maps from any complex manifold X to a complex
homogeneous manifold Y satisfy the basic transversality theorem (for zero-jets).
The same holds if Y = Cn\A where A is a thin algebraic subvariety, and in this case
the basic transversality theorem also holds for algebraic maps from any algebraic
manifold to Cn\A.
In the case Y = Pn we recover Bertini’s theorem ([32], p. 150).
In [44] Kaliman and Zaidenberg proved the following theorem in which there is
no restriction on the target manifold, but the domain of the map shrinks.
Theorem 4.8. ([44]) Assume that X is a Stein manifold, Y is a complex manifold
and A ⊂ X, B ⊂ Jk(X,Y ) are closed, Whitney stratified complex subvarieties.
For any f ∈ H(X,Y ) and any compact set K ⊂ X there is a holomorphic map
g : U → Y in an open neighborhood of K such that jkg|A∩U is transverse to B, and
g approximates f as close as desired uniformly on K.
Theorem 4.8 also follows from our proof of theorem 4.2 by using a holomorphic
map F : U ×D → Y satisfying Condition Ell1 along U × {0}, where U ⊂ X is an
open neighborhood of K and D ⊂ CN is a small ball around 0 ∈ CN . Such F
exists provided that K admits a basis of open Stein neighborhoods in X (which is
the case if K is H(X)-convex). Indeed, the set {(x, f(x)) : x ∈ K} ⊂ X × Y has an
open Stein neighborhood Ω ⊂ X × Y [64], [9], and hence there exist holomorphic
vector fields V 1, . . . , V N in Ω tangent to the fibers of the projection X × Y → X
and generating the tangent space of the fiber at each point. Let θjt denote the flow
of V j . For x ∈ X near K and small t1, . . . , tN ∈ C the map F (x, t1, . . . , tN ) =
πY ◦ θ1t1 ◦ · · · ◦ θ
N
tN
(x, f(x)) satisfies the required property.
Alternative proof of theorem 1.4. Assume that X is Stein and Y enjoys the Oka
property. Let f : X → Y be a holomorphic map. Choose compact H(X)-convex
subsets K,L ⊂ X with K ⊂ IntL. By theorem 4.8 we can approximate f uniformly
on L by a holomorphic map g : U → Y on an open set U ⊃ L such that jkg|U∩A
is transverse to B. If the approximation is sufficiently close, there is a smooth
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map g˜ : X → Y which agrees with g in a neighborhood of L, and agrees with f on
X\U . By the Oka property of Y the map g˜ can be approximated uniformly on L
by holomorphic maps f˜ : X → Y . If the approximation is sufficiently close then f˜
still satisfies the desired transversality condition on K by lemma 4.4. This shows
the density of transverse maps on compacts in X , thus completing the proof.
We now give an interpolation version of theorem 1.4. Given a closed complex
subvariety X0 of X , f0 ∈ H(X,Y ) and r ∈ {0, 1, . . .}, the set
H(X,Y ;X0, f0, r) = {f ∈ H(X,Y ) : j
rf |X0 = j
rf0|X0}
is a closed metric subspace of H(X,Y ), hence a Baire space.
Theorem 4.9. Let X be a Stein manifold and Y a complex manifold enjoying the
Oka property. Let A ⊂ X and B ⊂ Jk(X,Y ) be closed, Whitney stratified complex
subvarieties. If f0 ∈ H(X,Y ) is such that jkf0|A is transverse to B at all points of
A∩X0 then for every integer r ≥ k there is a residual set of f ∈ H(X,Y ;X0, f0, r)
for which jkf |A is transverse to B.
Proof. Since r ≥ k, the set of all f ∈ H(X,Y ;X0, f0, r) for which jkf |A is transverse
to B at all points of A ∩X0 is open in H(X,Y ;X0, f0, r). To prove theorem 4.9 it
thus suffices to show that we can approximate the initial map f0 uniformly on any
compact H(X)-convex subset K ⊂ X by f ∈ H(X,Y ;X0, f0, r) such that jkf |A is
transverse to B at every point of A ∩K.
Assume first that holomorphic maps X → Y satisfy Condition Ell1, and let
F : X ×CN → Y be as in definition 4.1, with F (· , 0) = f0. Consider the basic case
k = 0, B ⊂ Y . There exist functions g1, . . . , gl ∈ H(X) which vanish to order r+1
on the subvariety X0 = {x ∈ X : gj(x) = 0, j = 1, . . . , l}. For every x ∈ X let
σx : (C
N )l → CN be defined by
σx(t1, . . . , tl) =
l∑
j=1
tjgj(x), tj ∈ C
N , j = 1, 2, . . . , l.
Clearly σx is surjective if x ∈ X\X0 and is the zero map if x ∈ X0. The map
F˜ : X × CNl → Y , defined by F˜ (x, t) = F˜ (x, t1, . . . , tl) = F (x, σx(t1, . . . , tl)), is a
submersion with respect to t (at t = 0) if x ∈ X\X0, and is degenerate (constant)
if x ∈ X0. Hence the proof of theorem 4.2 applies over X\X0.
Let ft = F˜ (· , t) : X → Y for t ∈ CNl. By construction jrft|X0 = j
rf0|X0 for
every t. Choose a compact set K ⊂ X . By the assumption f0|A is transverse to
B on A ∩ X0. Hence there is an open neighborhood U ⊂ X of A ∩ X0 ∩ K such
that ft|A∩U is transverse to B for every t sufficiently close to 0 (lemma 4.4). The
set K ′ = K\U ⊂ X\X0 is compact and hence for most values of t the map ft|A is
transverse to B on A ∩K ′. Thus ft|A is transverse to B on K ∩A for most t close
to 0 which concludes the proof for k = 0. Similarly one obtains the proof for k > 0
by following the arguments in the proof of theorem 4.2.
The same proof gives a semiglobal version of theorem 4.9, analogous to theorem
4.8, without any restriction on the manifold Y .
The proof of the general case is completed exactly as the alternative proof of
theorem 1.4 given above, using corollary 1.4 in [27] to the effect that the (basic)
Oka property of Y implies the Oka property with jet interpolation on a closed
complex subvariety X0 of a Stein manifold X . 
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In the algebraic category the global transversality theorem holds under the fol-
lowing stronger assumption on Y .
Proposition 4.10. If Y is an algebraic manifold with a submersive algebraic spray
s : E → Y (i.e., such that s : Ey → Y is a submersion for every y ∈ Y ) then alge-
braic maps X → Y from any affine algebraic manifold X satisfy the jet transver-
sality theorem with respect to closed complex analytic subvarieties.
Proof. Let f0 : X → Y be an algebraic map. Pulling back the submersive algebraic
spray s : E → Y by f0 we obtain an algebraic submersion F : X×CN → Y satisfying
f0 = F (· , 0) (compare with the proof of proposition 4.6). Given closed complex
subvarieties A ⊂ X and B ⊂ Y , Sard’s theorem shows that for a generic choice
of t ∈ CN the algebraic map ft|A = F (· , t)|A is transverse to B (see the proof of
theorem 4.2). Similarly one obtains the jet transversality theorem by considering
maps x → F (x, P (x)) for polynomials P : Cn → CN , where X is embedded in
Cn. 
5. The homotopy principle for holomorphic submersions
Given complex manifoldsX and Y , we denote by S(X,Y ) the set of all pairs (f, ι)
where f : X → Y is a continuous map and ι : TX → TY is a fiberwise surjective
complex vector bundle map such that the diagram in Fig. 1 commutes.
TX
ι
−→ TY
↓ ↓
X
f
−→ Y
Figure 1: The space S(X,Y )
The existence of ι in Fig. 1 (for a given f) is invariant under homotopies of the
base map, and Tf = (f, df) ∈ S(X,Y ) precisely when f : X → Y is a holomorphic
submersion. (Here Tf denotes the tangent map of f .) Hence a necessary condition
for a continuous map f : X → Y to be homotopic to a holomorphic submersion
X → Y is that f be covered by a map ι : TX → TY such that (f, ι) ∈ S(X,Y ).
By theorem II in [23] this condition is also sufficient if X is Stein and Y = Cp,
p < dimX . Here we prove the same result when the target manifold is of Class A,
or a holomorphic quotient of such manifold.
Theorem 5.1. Assume that Y is a complex manifold which admits an unramified
holomorphic covering Y˜ → Y by a quasi-projective algebraic manifold Y˜ of Class A
(def. 2.3). If X is a Stein manifold with dimX > dimY and K ⊂ X is a compact
H(X)-convex subset then the following hold.
(a) For any (f, ι) ∈ S(X,Y ) the map f is homotopic to a holomorphic submer-
sion f1 : X → Y . If in addition f |K : K → Y is a holomorphic submersion
and ι|K = df |K then f1 can be chosen to approximate f uniformly on K.
(b) Holomorphic submersions f0, f1 : X → Y are regularly homotopic through a
family of holomorphic submersions X → Y if and only if their tangent maps
Tf0 and Tf1 belong to the same path connected component of S(X,Y ).
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(c) If dimX ≥ 2 dimY −1 then every continuous map X → Y is homotopic to
a holomorphic submersion; if dimX ≥ 2 dim Y then any two holomorphic
submersions X → Y are regularly homotopic.
Theorem 5.1 implies results on the existence of nonsingular holomorphic folia-
tions of the source manifold X ; see [23] for the case Y = Cp.
Example 5.2. We list some examples of (holomorphic quotients of) quasi-projec-
tive algebraic manifolds of Class A to which theorem 5.1 applies.
(1) Y = Ŷ \A where Ŷ is an affine space, a projective space or a Grassmanian
and A is a thin algebraic subvariety of Ŷ .
(2) Y = Cp/Γ where Γ is a lattice in Cp. This class includes all complex tori.
(3) Hopf manifolds are quotients of Cp∗
def
= Cp\{0} (p ≥ 2) by an infinite cyclic
group, or a finite extension of such group ([2], p. 225).
(4) Let π : W → Y be a holomorphic fiber bundle whose base Y is a quotient
of a Class A0 manifold, the fiber π−1(y) is Cm respectively Pm, and the
structure group is GLm(C) respectively PGLm(C). It is easily seen that
W is then a quotient of a Class A0 manifold.
Part (c) of theorem 5.1 follows from (a) and (b) by topological reasons (see
corollary 2.3 in [24]). We shall reduce parts (a) and (b) to theorem 2.1 in [24]. To
this end we must recall from [24] a certain holomorphic flexibility property, called
Property Sn, which is the localization to Euclidean spaces of the homotopy principle
for holomorphic submersions from n-dimensional Stein manifolds to Y .
Let z = (z1, . . . , zn), zj = xj + iyj, denote the coordinates on C
n. Set
P = {z ∈ Cn : |xj | ≤ 1, |yj | ≤ 1, j = 1, . . . , n}. (5.1)
A compact convex subset K ⊂ Cn is special if
K = {z ∈ P : yn ≤ h(z1, . . . , zn−1, xn)} (5.2)
where h is a smooth concave function with values in (−1,+1).
Definition 5.3. Let Y be a complex manifold and d a distance function on Y
induced by a Riemannian metric.
(a) Y satisfies Property Sn if for every holomorphic submersion f : K → Y
on a special compact convex set K (5.2) and for every ǫ > 0 there is a
holomorphic submersion f˜ : P → Y satisfying supx∈K d(f(x), f˜ (x)) < ǫ.
(b) Y satisfies Property HSn if for every homotopy of holomorphic submer-
sions ft : K → Y (t ∈ [0, 1]) such that f0 and f1 extend to holomorphic
submersions P → Y there is for every ǫ > 0 a homotopy of holomor-
phic submersions f˜t : P → Y (t ∈ [0, 1]) satisfying f˜0 = f0, f˜1 = f1, and
sup{d(ft(x), f˜t(x)) : x ∈ K, t ∈ [0, 1]} < ǫ.
According to theorem 2.1 in [24], the conclusion of (a) (respectively of (b)) in
theorem 5.1 holds provided that Y satisfies Property Sn (respectively Property
HSn) with n = dimX . Furthermore, both properties are obviously invariant when
passing to an unramified holomorphic covering or quotient. Hence theorem 5.1 is
implied by the following proposition.
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Proposition 5.4. A quasi-projective algebraic manifold Y of Class A (def. 2.3)
satisfies Properties Sn and HSn for every n > dimY .
Proof. Let Y be a manifold of class A. We may (and shall) assume that Y is
connected. We first prove Property Sn. Let f : K → Y be a holomorphic submersion
from an open neighborhood of a special compact convexK ⊂ Cn (5.2). By corollary
2.4 the manifold Y is algebraically subelliptic, and corollary 3.2 then shows that f
can be approximated uniformly on K by algebraic maps Cn → Y . Thus it suffices
to consider the case when f : Cn → Y is an algebraic map which is a submersion
at every point of K.
We denote by Σ ⊂ Cn the ramification locus of f (the set of nonsubmersion
points). This is an algebraic subvariety of Cn which does not intersect K.
Case 1: dimΣ ≤ n−2. Lemma 3.4 in [23] provides a holomorphic automorphism
ψ of Cn which approximates the identity map in a neighborhood of K and satisfies
ψ(P ) ∩ Σ = ∅. The map f˜ = f ◦ ψ : P → Y is a holomorphic submersion approxi-
mating f on K, thus proving Property Sn. For this argument it suffices to assume
that f is a holomorphic submersion (with values in Y ) defined in the complement
of a thin algebraic subvariety in Cn.
Case 2: dimΣ = n − 1. We shall reduce to Case 1 by inductively removing all
(n−1)-dimensional irreducible components from the ramification locus Σ, changing
the map at every step.
Choose an irreducible component Σ′ ⊂ Σ of dimension n− 1 and a point z0 ∈ Σ′
which does not belong to any other irreducible component of Σ. By definition 2.3
we have Y = Ŷ \A where Ŷ is a connected manifold of Class A0 and A is a thin
algebraic subvariety of Ŷ . Let U ⊂ Ŷ be a Zariski open set isomorphic to Cp and
containing the point y0 = f(z0). Let s0 : U × Cp → U ≃ Cp denote the spray
s0(y, t) = y + t. Choose a closed algebraic subvariety Y0 ⊂ Ŷ of pure dimension
p − 1 such that Ŷ = Y0 ∪ U and y0 /∈ Y0. Let L = [Y0]−1 where [Y0] → Ŷ is the
holomorphic line bundle defined by the divisor of Y0. Let τp = Ŷ × Cp.
By proposition 1.3 in [22], p. 541 (or §3.5.B. and §3.5.C. in [40]) there are an
integer m ∈ N and an algebraic spray s : E = τp ⊗ L⊗m → Ŷ such that s(y, t) = y
for all y ∈ Y0 and t ∈ Ey, and s equals s0 over the open set Ŷ \Y0 ⊂ U , using an
identification of E|U with τp|U . (The line bundle L is trivial over Ŷ \Y0.)
By Serre’s Theorem A [62] the algebraic vector bundle f∗(E)→ Cn is generated
by finitely many (say q) algebraic sections, and hence there is a surjective algebraic
vector bundle map ρ : Cn × Cq → f∗E. Let ι : f∗E → E be the natural map
covering f . Set Z = f−1(Y0) ⊂ C
n. The algebraic map F = s ◦ ι ◦ ρ : Cn×Cq → Ŷ
satisfies the following properties:
(a) F (z, 0) = f(z) (z ∈ Cn),
(b) F (z, t) = f(z) (z ∈ Z ⊂ Cn, t ∈ Cq), and
(c) F (z, · ) : Cq → Ŷ is a submersion for every point z ∈ V := Cn\Z.
The proof of theorem 4.2 (see especially lemma 4.5 and proposition 4.10) gives
a polynomial map P : Cn → Cq such that the algebraic map f1 : C
n → Ŷ defined
by f1(x) = F (x, P (x)) (x ∈ Cn) satisfies the following properties:
(i) f1 approximates f uniformly on K as close as desired,
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(ii) j1f |Z = j1f1|Z ,
(iii) f1|V is transverse to the subvariety A ⊂ Ŷ (V = Cn\Z), and
(iv) the ramification locus of f1|V has dimension ≤ n− 2.
To obtain (iv) we choose P such that j1f1 is transverse to the subvariety of
J1(Cn, Y ) consisting of all jets of non-maximal rank; this subvariety has codimen-
sion n− dimY + 1 ≥ 2 which gives (iv).
Let C ⊂ Cn denote the ramification locus of f1 : C
n → Ŷ ; thus dimC\Z ≤ n− 2
by (iv). The set
Σ1 = (Σ ∩ Z) ∪ f
−1
1 (A) ∪ C
is an algebraic subvariety of Cn which does not intersect K, provided that the
approximation of f by f1 is sufficiently close on K (we shrink K a little). The
restriction of f1 to C
n\Σ1 maps the latter set submersively to Y = Ŷ \A.
We claim that Σ1 has less (n − 1)-dimensional irreducible components than Σ.
Observe first that dim(Σ1\Z) ≤ n − 2 by properties (iii) and (iv) of f1. Next we
show dim[(Z\Σ) ∩ (f−11 (A) ∪ C)] ≤ n − 2. If z ∈ Z\Σ then f is unramified at z
by the definition of Σ; furthermore, j1zf1 = j
1
zf by property (ii), and hence f1 is
also unramified at such point z, thus showing (Z\Σ) ∩ C = ∅. This also implies
that f1|Z\Σ is transverse to A, whence dim f
−1
1 (A) ∩ (Z\Σ) ≤ n − 2. Hence the
(n− 1)-dimensional irreducible components of Z1 are the same as those of Σ ∩ Z.
Since z0 ∈ Σ
′\Z, the component Σ′ of Σ is not among them which proves the claim.
Repeating the same argument with the pair (f1,Σ1) gives an algebraic map
f2 : C
n → Ŷ and an algebraic subvariety Σ2 ⊂ Cn with less (n − 1)-dimensional
components than Σ1 such that f2 : C
n\Σ2 → Y is a submersion which approximates
f1 (and hence f) uniformly onK. Proceeding inductively we obtain in finitely many
steps a holomorphic submersion f˜ : Cn\Σ˜→ Y , where Σ˜ is an algebraic subvariety
with dim Σ˜ ≤ n− 2, such that f˜ |K approximates f |K . We complete the proof as in
Case 1. This establishes Property Sn of Y .
It remains to prove Property HSn for n > dimY . We shall need the following
lemma on algebraic approximation of the initial homotopy ft.
Lemma 5.5. Let K ⊂ P ⊂ Cn be as in (5.1), (5.2). Let ft : K → Y for t ∈ [0, 1]
be a homotopy of holomorphic maps such that f0, f1 extend to holomorphic maps
P → Y . Let d be a distance function induced by a Riemannian metric on Y . For
every ǫ > 0 there is an algebraic map F : Cn+1 → Y such that d(F (x, t), ft(x)) < ǫ
for all (x, t) ∈ (K × [0, 1]) ∪ (P × {0, 1}) ⊂ Cn × C.
Proof. By corollary 3.2 we may assume that f0 is algebraic. Since Y is subelliptic,
theorem 4.5 in [28] implies that we can approximate the homotopy ft uniformly on
K by a homotopy consisting of holomorphic maps f˜t : P → Y (t ∈ [0, 1]) such that
f˜t = ft for t = 0 and t = 1. Hence we may assume that the original homotopy ft
is defined and holomorphic on P , and the initial map f0 is algebraic. Lemma 5.5
now follows from theorem 3.1 applied with the compact set P in X = Cn. 
Assume that the map ft in lemma 5.5 is a submersion K → Y for t ∈ [0, 1],
and it is a submersion P → Y for t = 0 and t = 1. If the approximation of ft by
the algebraic map Ft = F (· , t) : C
n → Y , furnished by lemma 5.5, is sufficiently
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uniformly close on the respective sets then we may assume the same properties for
Ft after a slight shrinking of K and P .
Consider now F as a map to Ŷ . A transversality argument, analogous to the
one used in the proof of Property Sn, gives a nearby algebraic map (still called F )
such that for all points (x, t) ∈ Cn+1\Σ outside of an algebraic subvariety with
dimΣ ≤ n− 1 we have F (x, t) ∈ Y and ∂xFt : TxC
n → TF (x,t)Y is surjective.
Fix such F . For all but finitely many values of t ∈ C the set Σt = {x ∈
Cn : (x, t) ∈ Σ} then satisfies dimΣt ≤ n − 2. By a small smooth deforma-
tion τ : [0, 1] → C of the parameter interval [0, 1] ⊂ R ⊂ C inside C we can
avoid this exceptional set of t’s and obtain a homotopy of algebraic submersions
Fτ(t) : C
n\Στ(t) → Y with dimΣτ(t) ≤ n − 2 for all t ∈ [0, 1]. Since Fτ(t) approx-
imates ft on K (resp. on P for t = 0 and t = 1), we have Στ(t) ∩ K = ∅ for all
t ∈ [0, 1], and Στ(t) ∩ P = ∅ for t ∈ {0, 1}. (We shrink K and P slightly.)
Lemma 3.4 in [23] gives a family of holomorphic automorphisms ψt ∈ AutCn
depending smoothly on t ∈ [0, 1], with ψ0, ψ1 being the identity map, such that
ψt(P ) ∩ Στ(t) = ∅ for every t ∈ [0, 1]. The homotopy f˜t = Fτ(t) ◦ ψt : P → Y
(t ∈ [0, 1]) consists of holomorphic submersions approximating ft on K (resp. on P
for t ∈ {0, 1}). If f˜0 is sufficiently close to f0 on P then we can join the two maps
by a homotopy of submersions P → Y ; the same holds at t = 1. 
Remark 5.6. Our proof shows that every algebraic manifold Y with a submersive
algebraic spray satisfies Properties Sn and HSn (and hence the conclusion of theorem
5.1) for every n > dimY .
6. Flexibility properties of curves and surfaces
In this section we survey the holomorphic flexibility properties of complex curves
(Riemann surfaces) and complex surfaces. Several of the results mentioned here
were first proved in [40], [22] and [26].
6.1. Riemann surface. We have the following precise result. The equivalence of
(d), (e) and (f) is well known and is stated only for completeness.
Proposition 6.1. The following are equivalent for a Riemann surface Y :
(a) Y is elliptic (it admits a dominating spray).
(b) Y enjoys the Oka property.
(c) Holomorphic submersions X → Y from any Stein manifold X of dimension
dimX > 1 satisfy the conclusion of theorem 5.1.
(d) Y is dominable by C.
(e) Y is not hyperbolic.
(f) Y is one of the surfaces P1, C, C
∗ or a torus C/Γ.
Proof. The universal covering of any Riemann surface Y is one of the surfaces P1,
C, or U = {z ∈ C : |z| < 1}. P1 has no nontrivial quotients while C covers C∗ and
the tori C/Γ. All of these are homogeneous and hence admit a dominating spray,
and they also satisfy theorem 5.1 since P1 and C are of Class A. The disc U and
its quotients are hyperbolic and hence do not satisfy any flexibility property. 
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6.2. Compact complex surfaces. Let Y be a compact complex surface of Ko-
daira dimension κ at most one, the latter condition being implied by holomorphic
dominability of Y by C2. We first consider the case when Y is projective algebraic.
By the Enriques-Kodaira classification (Chapter VI in [2]) every such Y is obtained
from one of the following minimal surfaces X by blowing up points:
(6.2.1) A holomorphic P1-bundle over a curve (Riemann surface) C; κ = −∞.
(6.2.2) A torus (a quotient of C2 by a lattice of real rank four); κ = 0.
(6.2.3) A K3 surface (a compact simply connected surface with trivial canonical
bundle KX = Λ
2(T ∗X)); κ = 0.
(6.2.4) A minimal surface X with the structure of an elliptic fibration ([2], pp.
200-219); κ ∈ {−∞, 0, 1}.
These classes are not entirely disjoint; for example, the moduli space of K3
surfaces contains a dense codimension one subset consisting of elliptic fibrations.
All surfaces on the above list are minimal (i.e., not containing any smooth rational
(−1)-curves), and every compact projective surface is obtained from one of them
(or from a minimal surface of general type) by a finite sequence of blow-ups. If
kodY ≥ 0 then Y is obtained from a unique minimal X .
A complete list of compact (not necessarily projective algebraic) complex sur-
faces, classified according to the value of Kodaira dimension κ < 2, can be found
in [2] (Table 10 on p. 244). Some of these can be included in the classes already
listed above; for example, the class of elliptic fibrations (6.2.4) includes all bi-elliptic
surfaces and all primary Kodaira surfaces ([2], V.5). Besides these one also has
(6.2.5) Secondary Kodaira surfaces; κ = 0. These are unramified holomorphic
quotients of primary Kodaira surfaces.
(6.2.6) Class VII surfaces (κ(X) = −∞, b1(X) = 1). This class includes the
Hopf surfaces ([2], V.18), Inoue surfaces ([2], V.19.), and several others.
Buzzard and Lu proved in [6] (theorem 1.1) that for a compact projective surface
X of Kodaira dimension κ < 2 which is not birational to an elliptic or a Kummer
K3 surface, dominability by C2 is equivalent to the existence of a holomorphic
map C → X with Zariski-dense image. For compact surfaces with κ < 2 which
are not birationally equivalent to a K3 surface they also gave a characterization
of dominability in terms of the fundamental group (theorem 1.2 in [6]). By the
same theorem, every compact projective surface which is birationally equivalent to
an elliptic or a Kummer K3 surface is dominable by C2. The same holds in the
category of compact (non-projective) surfaces (propositions 4.4 and 4.5 in [6]).
In the sequel we consider the question which of the compact surfaces from the
above list enjoy the Oka property.
Complex tori (6.2.2), being unramified quotients of C2, satisfy the Oka property
and the conclusion of theorem 5.1.
A secondary Kodaira surface X (6.2.5) is covered by a primary Kodaira surface
X˜ which admits the structure of an elliptic fibration; hence X enjoys the Oka
property if and only if X˜ does. There exist surfaces with the structure of a ramified
elliptic fibration which are not dominable by C2 (example 6.3 below).
A Hopf surface (a special case of a Class VII surface (6.2.6)) is a quotient C2∗/Γ
by a finite extension of a cyclic group. It enjoys the Oka property (Corollary 1.5
(i) in [26]) since its universal covering C2∗ = C
2\{0} is of Class A.
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An Inoue surface (6.2.6) is a quotient of D × C (where D is the unit disc), and
hence is not dominable by C2. These surfaces don’t admit any closed complex
curves, and any nonconstant image of C is Zariski dense.
For surfaces (6.2.1) (which include all Hirzebruch surfaces) and for the unramified
elliptic fibrations (6.2.4) the following proposition gives a complete answer.
Proposition 6.2. If C is a Riemann surface (not necessarily compact) and π : X →
C is either a holomorphic fiber bundle with fiber P1 or an unramified elliptic fibration
without exceptional fibers then the following are equivalent:
(a) X satisfies the Oka property.
(b) X is dominable by C2.
(c) C is not hyperbolic.
Proof. (a)⇒(b) holds in general (see §1), (b)⇒(c) is obvious, and (c)⇒(a) follows
from corollary 1.6 and proposition 6.1 (in this case C is one of the Riemann surfaces
P1, C, C∗ or a torus C/Γ). This proves proposition 6.2. We observe in addition
that the total space X of a holomorphic fiber bundle X → C with fiber P1 and
base C ∈ {P1,C} is of Class A; if C is C∗ or a torus C/Γ then X is a quotient of a
Class A manifold. Theorem 5.1 applies to all such manifolds. 
For ramified elliptic fibrations π : X → C corollary 1.6 does not apply, and in
general such X does not enjoy the Oka property even if C is non-hyperbolic. The
following example was explained to me by J. Winkelmann.
Example 6.3. There exists a ramified elliptic fibration π : X → P1 such that X is
not dominable by C2 (and hence does not enjoy the Oka property).
Let Z be a hyperelliptic Riemann surface of genus g ≥ 2, with involution σ ∈
Aut(Z). Then Z is hyperbolic and Z/σ = P1. Let E be an elliptic curve considered
with its group structure, and let τ ∈ E be a non-neutral element of order 2 (2τ = 0
in E). Then x→ x+ τ is a fixed point free involution on E. Take X = (Z ×E)/Γ
where Γ is the cyclic group of automorphisms generated by γ(z, x) = (σ(z), x+ τ)
which acts without fixed points on Z × E. Let π : X → P1 be the ramified elliptic
fibration induced by the projection p : Z×E → Z. We have a commutative diagram
Z × E
h
−→ X
↓ p ↓ π
Z −→ P1
where h is an unramified holomorphic covering. A holomorphic map f : Cn → X
lifts to a map g : Cn → Z×E such that f = h ◦ g. Since Z is hyperbolic, the image
of g is contained in a fiber of p, and hence the map π ◦ f : Cn → P1 is constant.
Thus X is not dominable by C2. (In this example kodX = 1.)
This concludes our discussion of elliptic fibrations (6.2.4).
Every compact complex surface bimeromorphic to a Kummer K3 surface (in the
class (6.2.3)) is holomorphically dominable by C2 (proposition 4.5 in [6]). We do
not know whether any (or all) Kummer K3 surfaces enjoy the Oka property.
Problem 6.4. To what extent is the Oka property invariant under proper mod-
ifications of (projective) algebraic manifolds? In particular, is the Oka property
invariant under blowing up of points and/or blowing down of exceptional divisors?
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The answer to the first question is affirmative for manifolds of Class A discussed
in §2 above, for the simple reason that this class is closed under blowing up points.
6.3. Complements of complex subvarieties. Recall that the complement Pp\A
of a thin algebraic subvariety is is algebraically subelliptic (corollary 2.4) and hence
enjoys the Oka property. Call a complex subvariety A ⊂ Cp tame if its closure in
Pp does not contain the hyperplane at infinity. The complement C
p\A of a thin
tame subvariety is elliptic by lemma 7.1 in [29].
Turning to more general surfaces, we have the following result proved in [26].
Note that the manifolds X in proposition 6.5 include all complex tori, in particular
all Abelian varieties.
Proposition 6.5. (Corollary 1.5 (ii) in [26]) Let X = Cp/Γ where Γ is a lattice
in Cp for some p ≥ 2. For any finite set x1, . . . , xm ∈ X the manifold X0 =
X\{x1, . . . , xm} enjoys the Oka property.
Proof. Since [26] has not been printed yet, we reproduce here the short proof. Let
π : Cp → X denote the quotient projection. Choose points qj ∈ Cp with π(qj) = xj
for j = 1, . . . ,m. The discrete set Γ0 = ∪mj=1(Γ + qj) is tame in C
p (proposition
4.1 in [6], [5]) and hence X˜ = Cp\Γ0 is elliptic. Since π : X˜ → X0 is an unramified
covering, the Oka property descends from X˜ to X0 by corollary 1.6. 
The complement of a complex hypersurface of sufficiently large degree in Pn
tends to be hyperbolic (see e.g. [10], [11], [12], [15], [65], [66], [67]). On the other
hand, the complement of a smooth cubic curve in P2 is dominable by C
2 according
to proposition 5.1 in [6].
Problem 6.6. (Complements of cubics) Does the complement of a smooth
cubic curve C in P2 enjoy the Oka property?
It can be shown that an affirmative answer to the following problem for finitely
sheeted maps π would imply an affirmative answer to problem 6.6.
Problem 6.7. (Descent of the Oka property) Let π : X → X0 be a proper
holomorphic map with the ramification locus br π. Assume that π is a subelliptic
submersion over X0\π(brπ) (definition 2.1). Does the Oka property of X imply
the Oka property of X0? What is the answer for finitely sheeted π?
Here is an even more basic question.
Problem 6.8. (Complements of points) Let X be a complex manifold of di-
mension ≥ 2 satisfying the Oka property. Does X\{x0} enjoy the Oka property for
every point x0 ∈ X?
The answer is affirmative for algebraic manifolds of Class A (corollary 2.4), and
the author is not aware of any counterexample.
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